
T H I R D - O R D E R  E F F E C T S  I N  T H E  P R O P A G A T I O N  

O F  E L A S T I C  W A V E S  I N  I S O T R O P I C  S O L I D S  

GENERATION OF HIGHER HARMONICS 

B .  A .  K o n y u k h o v  a n d  G .  M .  S h a l a s h o v  UDC 534.222 

The n o n l i n e a r  in t e rac t ions  of longitudinal  and s h e a r  waves  in an i so t rop i c  so l id  med ium a r e  
dis cus sed  in the n i n e - c o n s t a n t  t heo ry  of e l a s t i c i ty .  E x p r e s s i o n s  a r e  obtained desc r ib ing  the 
gene ra t ion  of s econd  and th i rd  h a r m o n i c s  of e las t ic  waves  in the approx ima t ions  of a non-  
d i s p e r s i v e  med ium and in the p r e s e n c e  of quas i s t a t i c  e las t i c  f ie lds .  

1. The t heo ry  of non l inea r  e l a s t i c - w a v e  in t e rac t ions  in sol ids  is l imi t ed  ma in ly  to the non l inea r  f ive -  
cons tan t  t h e o r y  of e l a s t i c i ty  [1]~ E xpe r i m en t s  show [1-4], tha t  in the p ropaga t ion  of e las t i c  waves  in an i s o -  
t rop ic  med ium t h e r e  o c c u r  e f fec ts  a s s o c i a t e d  with cubic  non l inear i ty  of the sol id  medium such a s  the g e n e r a -  
t ion  of s econd  s h e a r - w a v e  h a r m o n i c s ,  and in the p r e s e n c e  of s t a t i c  s t r e s s e s ,  of th i rd  longitudinal  and s h e a r -  
wave h a r m o n i c s ,  e tc .  A full t heo re t i ca l  t r e a t m e n t  of  these  effects  fo r  e las t i c  waves  has  n o t b e e n u n d e r t a k e n ,  

In the p r e s e n t  p a p e r  we c o n s i d e r  the i n t e r ac t i on  of unmodula ted  e las t i c  waves  on the bas i s  of a y s m p -  
to t ic  methods  [5] in the non l inear ,  n i n e - c o n s t a n t  t heo ry  of e l a s t i c i ty .  

In o r d e r  to t r e a t  these  ques t ions  we solve to th i rd  o r d e r  the equat ions of mot ion ,  which in Lag rang i an  
coo rd ina t e s  take the f o r m  [1] 

02ui 0 [0 0~? 
P0 ~ = 0x~ c0~1%/] (1.1) 

w h e r e  P0 is the dens i ty  of the u n p e r t u r b e d  med ium,  ui a r e  the components  of the d i sp l acemen t  vec to r ,  t is 
the t ime ,  xj a r e  the coo rd ina t e s ,  and e is the in te rna l  e n e r g y  p e r  unit  vo lume .  In o r d e r  to obtain the equa-  
t ions  of mot ion  with a l lowance  fo r  a cubic e l a s t i c  nonl inear i ty ,  we put e in the fo rm 

6Y = ~ui~ 2 + (K / 2 - -  ~ / 3) uzz 2 + x/3 Au~z u~ul~ + Buih  2 uzl + I/3Cuu 8 ~ Dutz 4 -} Guihu~zuhzu 2 

t (a'~i 0% o,~ l a~ 
+ ~ , ~  ~z~ ~ + s~ ,~  ~ = T ~ - ~  + W  + -~:~-~-C~/ (~.e) 

w h e r e  uik is the s t r a i n  t e n so r ,  ~ and  K a r e  the s e c o n d - o r d e r  e l a s t i c  modul i ,  A, B, C a r e  the t h i r d - o r d e r  
e l a s t i c  modul i ,  and D, G, H, and J a r e  the f o u r t h - o r d e r  e las t i c  modul i .  The f o u r t h - o r d e r  e las t ic  modul i  
can a l so  be in t roduced  in t e r m s  of the expans ion  of ~ in invar ian t s  of the s t r a in  t e n s o r  [6]. 

~4 = n i l i  4 + n2[12 I2 + n3IlI  s + n412, 
I i  ---- u,z, I2 = i/~ (uzz2 __ uihO.), i3 = det (ai~) (1.3) 

w h e r e  ~4 is the p a r t  of ~ conta in ing t e r m s  of four th  deg ree  in the s t r a i n s .  The connect ion  between the 
f o u r t h - o r d e r  modul i  in (lo2) and (1o3) is given by the re la t ions  

D = n l +  n~ / 2 +  n 3 / 6 +  n,~/4, H =  - -  l l ~ ( n z +  n ~ +  n~) (1.4) 
G =  n~ / 3, Y =  ~/4/4 

A f t e r  subs t i tu t ion  (1.2) into (1.1) we obtain the equat ions of mot ion  de sc r ib ing  the non l inea r  i n t e r -  
ac t ions  of e las t i c  waves  with a l lowance  fo r  cubic nonl inear i ty  of the sol id  med ium:  
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poO2a~ / Ot ~ - -  FO~ut / Ox2k--(K + F  / 3) 02ul / Oxt Oxt = [t' -4- h" (1.5) 

where fi' is determined by the quadratic nonlinearity of the solid medium 

0=z0~ k 0=i -~ 0= z ~ / +  (B + 2C) % 0=~o~, 

and fi" is determined by the cubic elast ic  nonlineari ty of the solid medium 

u ' = ( 1 2 D + m ~ o ~ , / ~ +  -~ ~ ~ 0 ~ 2 4 7  • 

• o ~  o,~ o,72 e (s + H) o T ~  ~ + + ko-<) o~--V; , + 
o., o.u, 

( o.~ o.~ 0%, o., o,,, 0% ~ ._ 3~ (o,,, o~ 0% 
X O=---~ o=----~ a=.o=-----~ + o= z a=~ o=.ox,] --  4 \ o~ ax t o=.oz~ + 

~_) ( o~ o., 0%. a.., o.., 02,,~ au.. au, 02% ~ + ( 3G 4- B +4- + -t- 
-~ ox~ ox m oxtoxi/ \ ~  ' Oz~ Ox~ OXmOX ~ 0% Ox t OxtOx i 

Ou~ Ou,. O~u~ 0% out o2u,~ ( ~  A_2H)(Ou. ,a% mut 
+ O== o=~ O=tOz ~ + o= m 0%. o%OzJ + - -  o. m o~ t O%oz{ F 

+ Ox--~ O= i O%Oxt] + ( ' - ~  + 2H + 2C + \ ~  Ox t O=~Oxt ~- 
a%, o,,, o,~, t ~ /a. , , ,  a,., )( ,~, o.. 0%. 

Ou mOum 02u i \ A ( Ou I Ou m O~u m Ou mourn O~tt t Ouk Oum O~ul 

Outr Ou{ O~ut ~ , A (Outr Oum O~Um Oul OUm O~ui Oul Oui Os~k 
+ % o~ o-~'./r -~ % o~ o~o~ t 4 o~ % o~o~----~ + ~ o~ o=to=,./+ 

Ou t Ou~ O~tt Ou t Ou~ 02u m ~ 
-~ B 0% ax~ OzmOx t "~ Ox~ Ox t OXmOX~] 

The contribution f rom te rms  of fourth o rde r  in powers of 0u i /0x k in (1.1) to the four-wave in ter -  
actions of plane elast ic  waves considered below is ( # )  t imes less  than the contribution from the th i rd-  
o rde r  t e rms ,  where P* = U/X is the Mach number .  Actual experimental ly attainable values of P* are  10 -~- 
10 -~, and hence t e rms  of fourth and higher  o rder  in powers of 0ui/0x k in (1.5) are  not considered.  

Equation (1.5) is the general  equation of motion for  a solid, nondissipative medium in the cubic 
approximation.  When analyzing its solutions, we res t r i c t  ourselves  to plane elast ic  waves,  for  which (1.5) 
splits up into three equations.  Let  the plane longitudinal and shear  waves propagate along xl = x. In this 
case for a longitudinal wave we obtain an equation of the form 

a~u= 2 a~u= 0% O~u {Ouv a~u v 0% a~ ~ 

poCt 2 =  K + ~ I a F ,  ~ = 3 K +  4 F +  2A + 6 B +  2C, %,= F +  ~12 A +  B 
% = a / 2 K +  2F+4- i8B+  6 A +  6 C +  t 2 ( D +  G + H + J )  
x2 = K +  a/aF + 7/~ B + ~/~A -}- 2 C + 4 J +  3G + 2H, "% = V2K + :/3F + 

+ ~I2B + C + ~laA + 2J + a/2G + H 

F o r  a shea r  wave, polar ized along the y axis, we have 

O~u v O~u / Ou= O~u v 0% O~u= ' ) +  

/ Ou:~ \2 a~% ( 0% ~2 O~u v 0% a% a~u. 

+ "% 0~- 0--7- 0x'- + % \ ~ x ]  ~ P~ = P" 

(1.7) 

T4 = I/2K + 2/3p + B + I/2A + J, T~ = 3/2K + 2p + 3B + 3/2A + 3 f  

where 7, 72, and 73 a re  the same as in (1.6). 
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For shear waves, polarized along the z axis, the equation will be analogous to (1.7). To take into 
account the dissipative properties of the solid medium, it is necessary to introduce terms into the left sides 
of equations (1.6) and (1.7) of the form 

a3u a3u~j 
_____X_ x 

- -  (4/a~ ] @ ~) atax 2 and --  ~q-et0x~ 

r e s p e c t i v e l y ,  w h e r e  ,t is the s h e a r  v i s c o s i t y  coeff ic ient ,  and ~ is the bulk v i s cos i t y  coeff ic ient .  

A c c o r d i n g  to the genera l  t heo ry  of non l inea r  one -d imens iona l  waves  [5], media  with a cubic  non l inea r -  
i ty a r e  c h a r a c t e r i z e d  by the capac i ty  f o r  f o u r - w a v e  i n t e r ac t i ons ,  i .e . ,  they admi t  t h i r d - h a r m o n i c  genera t ion .  
In the p r e s e n c e  of s t a t i c  s h e a r  f ields in such a med ium t h r e e - w a v e  in te rac t ions  a r e  a l so  poss ib le ,  i .e . ,  
s e c o n d - h a r m o n i c  gene ra t i on .  

2. Le t  us c o n s i d e r  the gene ra t ion  of h ighe r  h a r m o n i c s  of longitudinal  and s h e a r  e las t i c  waves .  We 
shal l  look fo r  a solut ion to equat ions  (1.6) and (1.7) in the f o r m  

3 

U ----- ~, Be [An (~*x, tFt) ei~(~t-kx))] (2.1) 

w h e r e  n~o, nk, and An a r e  the f r equency ,  wave v e c t o r ,  and complex  ampl i tude  of the n - th  h a r m o n i c .  

Employ ing  the s t a n d a r d  a v e r a g i n g  p r o c e d u r e  [5], we obtain the fol lowing r educed  equat ions  f o r  a 
longitudinal  e las t i c  wave:  

nAt OAI k'z'~ (-~1A2 + 3~i2As) + at" + cl-~-~ = - -  a~c~A~ - -  

+ ~ ( 1  ~ s - - 3 ~ t 2 A s ) - } -  2-2,oTtoc~ (AtA~-}-8A2A2+18As.Yls)A~ 

OA2 C OA1 .k'3 
at + ~ - - ~ - = - - a 2 q A ~ +  4P~ (Al~--6-4tAs) 

(2.2) 
+ 6~,k3 A ~i A iv~k3 (2A~i 1 + 4A2ff~ + 18Asff3) A2 t ~ s +  ~o~-- 7 

a,4a c OA3 k~,3A~A~ v~k ~ 
at "+ ~-'-O"~-x = - -asc tAs  + 0oe~ 6~oc t ( A~s ~ t2XtA~) 

+ (6AtXt + 24A~X~ + 27AsA3) A3 at ----- (a/~l + ~) (0 ~ / 2ct a, a~ = 4a~, a~ = 9at 

Here  An is the complex  conjugate  of  An. 

The  f i r s t  t e r m s  on the r ight  s ides  of the equat ions (2.2) d e s c r i b e  the abso rp t ion  of the e las t ic  wave;  
the second  t e r m s  d e s c r i b e  the i n t e r ac t i on  of h a r m o n i c s  by means  of  the quadra t i c  nonl inear i ty ;  the th i rd  
t e r m s  d e s c r i b e  the in t e rac t ion  of h a r m o n i c s  by m e a n s  of the cubic nonl inear i ty ;  and the four th  t e r m s  d e s -  
c r i b e  the  nonsynch ronous  in te rac t ions  of the h a r m o n i c s  by means  of the cubic  non l inear i ty  (nonlinear  
detuning [5]). 

In ana lyz ing  ou r  s y s t e m  of r e duc e d  equat ions  (2.2), we note that  the p r o c e s s  of gene ra t ing  the th i rd  
h a r m o n i c  of a longitudinal  wave  is connec ted  both with the quadra t i c  non l inear i ty  of the sol id  med ium [the 
s e c o n d  t e r m s  in equat ions (2.2)] and with the cubic  nonl inear i ty  (third t e r m s ) .  In the f i ve - cons t an t  t heo ry  
of e l a s t i c i ty  t h e r e  is g e n e r a t e d  a s econd  h a r m o n i c  of a longitudinal  e l a s t i c  wave,  g rowing  in space  [1, 71. 
The  th i rd  h a r m o n i c  is g e n e r a t e d  as  a r e s u l t  of two s u c c e s s i v e  t h r e e - w a y  in t e rac t ions  th rough  the quad -  
r a t i c  non l inea r i ty  and one f o u r - w a v e  in t e rac t ion  th rough  the cubic  non l inea r i ty .  The gene ra t ion  of h a r m o n i c s  
has a cumulative nature in space. 

In a dissipative, nondispersive medium a solution can be sought in the approximation of the given 
first-harmonic field [i, 5] i.e., under the conditions 

At = Ats, As = As = 0 for x = 0 
A ~ ( x ) ~ A ~ ( x ) ~ A s ( x )  for x ~ O  (2.3) 

The  solut ion of s y s t e m  (2.2) taking (2.3) into account  has  the f o r m  

~A~0~ (e-~ . . . .  e . . . .  )--  P (x) At0 ~ At  = A~oe -z,x, A~ - ~ -  4p0cl 2 (az -- 2:tl) 

lc'~ZA~o ~ [ e -3~'x e-( . . . . .  )~ (:~-- 2~) e . . . .  .] (2.4) 

i'~kaAlo a 
- -  6 9 o c l ~  ( a ~  - -  3a~) (e-s  . . . .  e . . . .  ) ~ [ R t  (x) - -  fR~ (x)]  Ale*  

Going to rea l  ampl i tudes  and phases  by means  of the re la t ions  

Ate = a t o e  i~~ A~ = a~e*% As  = ase *̀~" (2.5) 
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we obtain the so lu t ion  f o r  the ampl i tude  and phase  of the second  h a r m o n i c  [7] 

r - -  2r = 0, a2 = P (x) alo 2 (2.6) 

The  t h i rd  h a r m o n i c  f o r  the cubic  non l inea r i ty  is g e n e r a t e d  with a phase  shif t  of ~ /2  with r e s p e c t  to 
the c a s e  of  two t h r e e - w a v e  i n t e r a c t i o n s ,  and fo r  this h a r m o n i c  we have the fol lowing e x p r e s s i o n s  fo r  the  
ampl i tude  and phase ,  r e s p e c t i v e l y :  

as = at0 a [R12 (x) -= R22 (x)] '!~ 
% = 3%0 --  arc tg [R2 (x) / R 1 (x)] (2o7) 

Ana lyz ing  the so lu t ion  (2.6), we note tha t  the ampl i tude  of the second  and th i rd  h a r m o n i c s  will  g row 
in p r o p o r t i o n  to x,  r e a c h i n g  a m a x i m u m  at s o m e  d is tance  x = L .  This  d is tance  is d i f fe ren t  f o r  the second  
and th i rd  h a r m o n i c s .  In F ig .  1 we show g raph ica l ly  the dependences  of the s e c o n d - h a r m o n i c  ampl i tude  108 
a2 cm (curve 1), the t h i r d - h a r m o n i c  ampl i tude ,  g e n e r a t e d  with the quadra t i c  non l inea r i ty ,  109 al0~Rl(x) cm 

ll 3 (curve 2), and the t h i r d - h a r m o n i c  ampl i tude ,  g e n e r a t e d  with the cubic non l inear i ty ,  1 0  R2(x ) al0 cm (curve 3). 

Here  we chose  ac tua l  mean  values  of the p a r a m e t e r s  of  the m a t e r i a l s  (metals)  ( f l /PoCl 2 = 20, 7 t / p o c l  2= 

500, a = 10-327r/X). When X = 10 -1 cm and c l = 5 �9 105 c m / s e c  and the f i r s t - h a r m o n i c  ampl i tude  is al0 = 10 -~ 
cm,  the m a x i m u m  value  of the  second  h a r m o n i c  is a2(L) = 3.9 ~ 10 -~ cm fo r  L = 5.5 cm,  and ana logous ly  fo r  
the  componen t s  ai03Ri and R2 at03 of  the t h i rd  h a r m o n i c  we have the fol lowing m a x i m u m  va lues :  ai03R1 (Li) = 
3.7 �9 10 -9 cm fo r  LI  = 6.3 cm and at03R2 (L2) = 2.15 �9 10 - t t  cm f o r  L2 = 2.9 cm.  Thus ,  the cont r ibut ion  to the 
long i tud ina l -wave  t h i r d - h a r m o n i c  gene ra t i on  f r o m  the  cubic non l inear i ty  is smal l  c o m p a r e d  to s u c c e s s i v e  
t h r e e - w a v e  i n t e r ac t i ons  in the  quad ra t i c  t e r m .  

Turn ing  to c o n s i d e r a t i o n  of s h e a r - w a v e  t h i r d - h a r m o n i c  genera t ion ,  we note that  in d is t inc t ion  to 
longi tudinal  waves  in the  f i v e - c o n s t a n t  e l a s t i c i t y  t heo ry  t he re  is no gene ra t ion  of the s h e a r - w a v e  second  
h a r m o n i c  [1,7]o This  m e a n s  that  gene ra t i on  of the t h i rd  shea r -wave  h a r m o n i c  will take p lace  only due to 
the  cubic  e l a s t i c  non l inear i ty~  The  r e d u c e d  equat ions  f o r  the complex  s h e a r - w a v e  ampl i tudes ,  obta ined 
a f t e r  subs t i tu t ion  (2.1) into (1.7), have  the f o r m  

OA1 OA, (XlCtA 1 3tka'~5"41~A8 ik3"~5 (A 
at -~- ct Ox 2poc t ~- ~ ~ , i ~- 18Aa~s) A, 

OAa OAa aactA a - -  ika'~sAl3 -J- iksv~ ( 6A ,X/+  27AaAa) A3 (2.8) 
Ot -~ ct O ~  - -  6p0c-------~ ~ 2poc t 

a l  = ~qO2 / 2ct3, aa = 9 a ,  

In the a p p r o x i m a t i o n  of the given f i r s t - h a r m o n i c  f ield we obtain the fol lowing solut ion to the  s y s t e m  
of equat ions  (2.8): 

:~ TSk3alO 3 (e-aa~x 
% - -  3%0 ~- ~ -  = 0 ,  aa  = 6p0c~ (~3 - -  3~1) e . . . .  ) ( 2 . 9 )  

The g raph ica l  dependence  of the ampl i tude  of  the t h i rd  s h e a r - w a v e  h a r m o n i c  is analogous  to that  
g iven in F ig .  1 (curve 3)~ 

3. The  p r e s e n c e  of s t a t i c  e l a s t i c  f ie lds in the so l id  med ium leads  to the gene ra t ion  of the second  
h a r m o n i c  ( th ree -wave  in te rac t ion) ,  the ampl i tude  of which depends l i n e a r l y  on the magni tude  of this f ield.  
This  phenomenon  can be v iewed as a non re sonan t  p a r a m e t r i c  in te rac t ion  in a med ium with a cubic non-  

l i n e a r i t y .  

It is useful  to look f o r  a solut ion to the p r e s e n t  p rob lem in the f o r m  [8] 
2 

u = ~, Re [A= (~t*x, tx*t)e~(~t-~)] + u ~ (x, y, z, t) (3.1) 

w h e r e  An a r e  the c om pl e x  ampl i tudes  of the c o r r e s p o n d i n g  h a r m o n i e s ,  and u m (x, y, z, t) is  the in te rna l  
o r  ex te rna l  (s tat ic  o r  quas i s t a t i c )  e l a s t i c  f ie ld.  Here  it  is a s s u m e d  that  s p a t i a l - - t e m p o r a l  va r ia t ions  a r e  
s low in c o m p a r i s o n  with the osc i l l a t ions  in the e las t i c  wave .  Af t e r  subs t i tu t ing  the solut ion of (3.1) into 
(1.6) and (1.7) and a v e r a g i n g  o v e r  f a s t  va r i a t i ons ,  we obtain the c o r r e s p o n d i n g  r e d u c e d  equat ions  fo r  the  
s lowly  va ry ing  ampl i tude  of the long i tud ina l -wave  second  h a r m o n i c  in the a p p r o x i m a t i o n  of the given f i r s t -  
h a r m o n i c  f ield and of the modula t ing  field: 
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~7 a , CITI 

U 
g Z ~ 6 8 lO 

x ,  c m  

Fig. 1 

[ Ou~ m Ouy C)Uz ~n \ 

Ot -~- Q Ox p~c~ 

k "2 A12 x 0% "~ (3.2) 
+ 4-4-~-0~ ~ + 2 ~ - - g ~  + ~ ~ + ~ - - ~ - /  

= 4 ~ - 3 K + 2 A  + 6 B + 2 C ,  ? = K - - V 3 F + 2 B - ~ 2 C  
% = 2 4 D  + t 2 H + 6 G + 6 B + 6 C  

A n a l o g o u s l y  f o r  a t r a n s v e r s e  wave ,  p o l a r i z e d  a l o n g  the y ax i s  

OA~ OA~ tkA~ / OUx m Ou v OUz 

Ot -~ ct dx 9oC t 

( ~ + ~A~ 2 ~  ~ +  ~7 \ ~ /  (3.3) 
4poC t 

~ = 6 J  -~ 3 B  + ~/~A 

F o r  p u r p o s e s  of s i m p l i f i c a t i o n  in (3.2) and  (3.3) d i s s i p a t i v e  p r o p e r t i e s  of the  m e d i u m  w e r e  not  t aken  
into  a c c o u n t .  The  f i r s t  t e r m s  on the  r i g h t  s i d e s  d e s c r i b e  sound  m o d u l a t i o n  by  the l o w - f r e q u e n c y  f i e ld  
t h rough  the  q u a d r a t i c  t e r m  [8], and  the  s e c o n d  t e r m s  d e s c r i b e  s e c o n d - h a r m o n i c  g e n e r a t i o n  in the  p r e s e n c e  
of the  l o w - f r e q u e n c y  f i e l d .  L e t  us  c o n s i d e r  s o m e  s p e c i f i c  f o r m s  of the  m o d u l a t i n g  f i e l d s .  

L e t  u m be a u n i f o r m  t e n s i l e - s t r e s s  f i e ld  of a r o d  of s t r e n g t h  P0. The  ang le  be tw e e n  P0 and the  d i r e c -  
t ion  of p r o p a g a t i o n  of the  wave  i s  0. A s s u m i n g  P0 to l i e  in the  xy p l a n e  and  t ak ing  into a c c oun t  the  r e l a t i o n s  

[9] Ou ,~ 
Ou ~t m P .  

= T (sin 2 0 - -  ~ cos 2 O) a~ = - ~ -  (cos ~ 0 - -  z sin ~,0), 
(3.4) 

Ouz ~ Po6 aux rn Ouu rn Po (1 + ~) cOS 0 sin 0 
o~ W - '  --57-y = ~ 7 - ~  = E 

where E is Young's modulus and ~ is the Poisson ratio, we obtain for the real amplitude and phase of the 
second harmonic of an elastic wave, traveling along the x axis, 

~ = 2qDxo + m2x, a2 = ralalo~X sin m2x / rn2x (3.5) 

w h e r e  m i  and m2 a r e  de f ined  by the  e x p r e s s i o n s :  

f o r  a l ong i tud ina l  wave  

~ {  P0 [2 ( ~ , -  51:6)eo$20  ~A-('t" 6 - - Z T  6 - -  2z~O sin 2 0]} (3.6) r n ~ =  ~+ 

k-P0 
rn2 = ~ [(~ - -  2z7) cos ~ 0 + (T - -  zT - -  ~ )  sin ~ 01 

f o r  a t r a n s v e r s e  wave  

~Po (1 + ~) (2~ + TT) sin 0 cos 0 771 1 - -  4poEc t2 
(3.7) 

kPo 

F r o m  (3.5)-(3.7)  we s e e  tha t  the  a m p l i t u d e  of the s e c o n d  h a r m o n i c  depends  l i n e a r l y  on the  m a g n i t u d e  
of the  t e n s i l e  s t r e s s  P0 and has  an  a n g u l a r  d e p e n d e n c e  d e t e r m i n e d  by  the n o n l i n e a r  p r o p e r t i e s  of the  m e d i u m .  

If u m (x, y ,  z,  t) i s  a n o n p e r i o d i c  funct ion  of the  t i m e  and the c o o r d i n a t e s ,  then  t h e r e  o c c u r s  p h a s e  
and  a m p l i t u d e  m o d u l a t i o n  of the  s e c o n d  h a r m o n i c  wi th  the  f r e q u e n c y  of the  e x t e r n a l  f i e l d .  The  depth  of the  
m o d u l a t i o n  is  d e t e r m i n e d  by the  n o n l i n e a r  e l a s t i c  p r o p e r t i e s  and  by the  magn i tude  of the  m o d u l a t i n g  f i e ld .  
The  q u a d r a t i c  n o n l i n e a r i t y  of the  m e d i u m  is  r e s p o n s i b l e  f o r  the  phase  m o d u l a t i o n  [8], and  the cubic  t e r m  
is  r e s p o n s i b l e  f o r  the  a m p l i t u d e  m o d u l a t i o n .  In i t s  p u r e  f o r m  the  a m p l i t u d e  m o d u l a t i o n  due to the  cub ic  
n o n l i n e a r i t y  can  be o b t a i n e d  fo r  s e c o n d - h a r m o n i c  g e n e r a t i o n  of a t r a n s v e r s e  wave  by g iv ing  the  m o d u l a t i n g  
f i e ld  in the  f o r m  

"~ (~t  cos 0 - -  • sin O) Ux m ~ - -  tto. Sin  0 COS - -  ~X 

uu ~ ---- u~ cos 0 cos (~t - -  • x cos 0 - -  xy sin O) (3.8) 
UZ m ~ 0 

T h e  so lu t i on  to (3.3) i s  then 
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~2 = 2~10, a2 = 2 B cos (~t  - -  4) 
4 = 1/~ u x (l  -~ cos 0) ~- uy  sin 0 (3.9) 
B = (8poct2)-lk~alo 2 ZUo '~' (2~ 5 cos 2 e - -  z~ sin ~ {~) x sin [1/~ux 

( t  - -  COS 0)1 [1/2 XX ( t  - -  COS 0)]  - I  

The full osci l la t ion fo r  double the f requency can be given in the fo rm 

Us = 2B cos (f~t - -  4) cos (2~t - -  2kx  A- 2%0) = B cos • 

• [(2o) -t- 12) t - -  2 kx  A- 2%0 - -  4] -4- B cos [(2co - -  ~) t - -  2 kx  + 2q910 + 4J (3.10) 

In dist inction to a longitudinal wave here  the spec t r a l  component  with f requency 2w is mis s ing .  This  
phenomenon can be thought of as an anomalous  split t ing of an acoust ic  wave in a per iodica l ly  inhomogeneous 
med ium.  

Thus ,  going to the n ine-cons tan t  theory  of e l a s t i c i ty ,  i .e . ,  taking into account  t e r m s  of fourth o r d e r  
in ~ui/~x k in the e las t ic  energy ,  enables  us to es t imate  the a c c u r a c y  of the f ive-cons tan t  theory  of e las t ic i ty  
when c o n s i d e r i n g t h i r d - a p p r o x i m a t i o n  effects  in acous t i c s .  F o r  example ,  the contr ibution f rom the cubic 
nonl inear i ty  of a solid med ium to t h i rd -ha rmon ic  genera t ion  fo r  actual ly  a t ta inable  ampl i tudes  of e las t ic  
waves  and path length of the in te rac t ion  (allowing fo r  damping) is s eve ra l  pe rcen t .  In the th i rd  a p p r o x i m a -  
tion we have cons idered  qual i ta t ively these new effects :  th i rd  s h e a r - w a v e  ha rmonic  generat ion and second-  
ha rmonic  genera t ion  in the p r e s e n c e  of low-f requency  fields~ In these  effects  the role  of the f o u r t h - o r d e r  
moduli  is dec is ive .  This l a s t  c la im follows f rom the resu l t s  of appropr ia t e  expe r imen t s .  

Thus,  fo r  example ,  the magni tudes of the moduli  for  po lycrys ta l l ine  a luminum,  evaluated accord ing  
to equations (3.5) and (3.6) and the exper imenta l  r e su l t s  of Konyukhov [3], give an effect ive p a r a m e t e r  for  
the quadrat ic  nonl inear i ty  of fl/PoCl 2 ~ 15, and fo r  the cubic nonl ineari ty ,  of "ri/PoCl 2 ~ 1000. In addition, 
the four  independent e las t ic  moduli  of fourth o r d e r  can be m e a s u r e d  by the method whose theory  was se t  
for th in [10]. The e las t ic  moduli  of th i rd  o r d e r  can be m e a s u r e d  by any of the methods se t  forth in [1, 8, 
11, 12]. 

The phenomena cons ide red  he re  can be used to m e a s u r e  the ampl i tudes  and spec t ra l  composi t ion of 
internal  e las t ic  s t r e s s e s  in solids during dynamical  t e s t s  (of s tat ic  s t r e s s  o r  fatigue fai lure) .  

The authors  a r e  gra tefu l  to L.  I .  Stepyan for  pointing out some deficiencies  when reviewing this paper .  
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